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ABSTRACT 
The lyotropic effect in the flocculation of a negatively charged AgI sol is explained on 

the basis of a double layer model without specific adsorption of cations. The constant 
potential model for the double layer interaction gives better results than the constant 
charge model. The theoretical results indicate furthermore that repeptization of the 
flocculated sol is possible. 

(1) INTRODUCTION 

Within the framework of  the research on the stability of  lyophobic  colloids 
Klomp6 [1] has determined flocculation concentrat ions of  a negatively 
charged AgI sol in solutions of several univalent nitrates. In the series Li--Na-- 
K--Rb--Cs this concentrat ion was the highest for  LiNOa and decreased con- 
t inuously to CsNO3. 

This lyotropic  effect  has been explained by Lyklema [2] with the aid of  
a double layer model which considers specific adsorption of  cations. If  the 
adsorption is described by a Langmuir isotherm the specific adsorption energy 
amounts to about  2 to 3 k T  in going from Li to Rb. 

In this paper it will be shown that  the lyotropic  effect  can also be explained 
without  assuming specific adsorption of  cations. To this end direct measure- 
ments of the capacitance at the AgI/electrolyte solution were performed.  The 
results were analyzed using the Gouy--Chapman--Stern picture of  the double 
layer. 

The total free energy of interaction between two particles will be calculated 
for spherical particles both at constant  charge and at constant potential.  We 
have used numerical data of  Honig and Mul [3] who calculated the repulsion 
energy between two particles with the theory  of  Deryaguin--Landau--Verwey 
and Overbeek (D.L.V.O.). In the determinat ion of  the total  free energy of 
interaction a distance of  closest approach is introduced due to the finite di- 
mensions of  the ions at the interface as suggested by Frens [4] in his explana- 
tion of  the repeptizat ion of  flocculated AgI sols. 

* In honour of Academician A.N. Frumkin's 80th birthday 
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(2) E X P E R I M E N T A L  P R O C E D U R E  

The technique for the direct measurement of  the capacitance at the AgI/ 
electrolyte interface has been described earlier [ 5 ]. The method is based upon 
the measuremeat of  the impedance of  the cell Ag, AgI/electrolyte solution/ 
AgI,Ag with the aid of  an alternating current. Subject to certain conditions, 
the double layer capacitance per unit area is derived from the cell-impedance. 
The surface roughness was taken into account. Flat circular electrodes were 
used. 

The measurements were carried out with solutions of Li-, Na-, K-, NH4-, 
Rb- and CsNO3 in water in the concentration range of 5 X 10 - 4  M to 1 M at 
25 ° C. The determination of the point of zero charge (p.z.c) is described in 
ref. 5 for the K N O  3 solutions. For all other solutions it was assumed that the 
p.z.c, lies at the same pAg as for KNO3. 

As a check on the reproducibility, KNO3 solutions were used as a reference 
by performing the capacitance measurements for each concentration in the 
sequence K-, Li-, K-, Na-, K-, NH4- , K-, Rb-, K-, Cs- and KNO3. 
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Fig. 1. D o u b l e  layer capac i ty  per unit  o f  true surface area (Cdl) at the A g I / e l e c t r o l y t e  
so lut ion  interface  as a func t ion  o f  the surface potent ia l .  ( . . . . .  ) CsNO3,  ( ) K N O 3 ,  
( - - - - - - ) L i N O  3 . ( a )  10 - 3  , 10  - 2 . 1 0  - 1 M ; ( b )  5 X  10 - 4  , 3 x  10 - 3  , 1 M .  
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(3) EXPERIMENTAL RESULTS 

The curves of the capacitance as a function of  the potential are given in 
Fig. la ,b  for 5 X 10 -4 ,  10 -3 ,  3 X 10 -3 ,  10 - 2 ,  10 - 1  and 1 M solutions of  Li-, 
K- and CsNO 3 at 25 ° C. The results of  the Na-, NH4- and RbNO3 solutions are 
omitted for reasons of  clarity. At each concentration the double layer capaci- 
tance increases in the order: 

For the KNO3 solutions the reproducibility was about  1%, so that  the differ- 
ences between the capacitance curves in Fig. la ,b  are significant. 

(4) MODEL CALCULATIONS 

In the theory of  the stability of  lyophobic colloids, the potential in the 
Stern plane ~8 is a central parameter. In our case ~8 is derived from the 
capacitance measurements. In the following sections the results of  the floccula- 
tion and capacitance measurements will be interpreted in two ways in order 
to explain the lyotropic effect: (a) based on the simple double layer model of 
Gouy--Chapman--Stern and the original D.L.V.O. theory (section 4.1); (b) 
based on a modification of  the model and the theory (section 4.2). 

(4.1) Simple approach; Gouy--Chapman--Stern and D.L. V.O. theory 

In the absence of specific adsorption ~8 is calculated as a function of  the 
surface potential ~o or surface charge a0 by the following procedure,  in which 
we limit the discussion to negative surface charges. 

Integration of the experimental Cdl (~o) curves gives the relation between 
the surface charge and surface potential ao(~o).  In the absence of  specific 
adsorption go is fully compensated by the charge of  the diffuse double layer 
gd:  

go =--gd (1) 

The potential ~ can now be calculated with the aid of  the diffuse double 
layer theory:  

gd = (2 R T  e CsHr) 1/2 sinh(z F ~ / 2  RT) (2) 

for symmetrical z-z electrolytes. 
The ~8 (~o) and ~ (go) curves are given in Fig. 2; they show that  for con- 

stant ~o at equal electrolyte concentration ~cs > ~LI, whereas for eonstant 

go,  
With the aid of  the D.L.V.O. theory the repulsive energy (VR) between two 

colloidal partmles is determined numerically as a function of  their separation 
[6,7]. According to these results Va increases regularly with ~8 both  at con- 
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Fig. 2. Potent ia l  in t h e  Stern  p lane  as a f u n c t i o n  o f  the  surface  p o t e n t i a l  (a ,b)  a n d  surface  
charge ( c ,d )  for ] 0 - 3  a n d  10  - 1  M Li- and  C s N O  3. ( ) Based  o n  a s imple  d o u b l e  layer  
m o d e l ;  ( - -  - -  - - )  based  on  the  m o d i f i e d  d o u b l e  layer  m o d e l .  

stant potential and at constant charge. Consequently,  by combination with 
the above-mentioned ~cs  and ~ i  we may conclude that under these circum- 
stances VCR s > V Li. As the van der Waals attractive energy V A is independent 
of the kind of  electrolyte solution between the sol particles V cs equals V L' 
at identical separation. For the total free energy of  interaction VT, which 
equals the sum of  V a and VA, we find VT ca > VT L1. This means that the floccu- 
lating action of  CsNO3 would be smaller than that of  LiNO3. 

The flocculation experiments of  Klomp6 [1 ], however, yielded the opposite 
result, viz. a flocculation concentration of  CsNO3, c cs equal to 0 .092 M and 

L, equal to 0.165 M. The flocculation concentrations of  Na-, K- and RbNO3 e l l  

are between these values. This sequence was confirmed by Lyklema [8] .  
We therefore conclude that with the double layer model discussed in this 

section, and taking into account only differences in VR, the experimentally 
observed lyotropic effect for AgI cannot be explained. 
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(4.2) Modifications of the simple approach 

(4.2.1) Outline of the modifications 
The explanation of the lyotropic effect described in this section is based 

on the same assumptions as mentioned in the previous one with two additional 
points, viz.: (a) The determination of ~ is based on the modified Gouy--  
Chapman double layer model which was already described by Stern [9]. (b) 
Owing to the finite size of the ions at the interface the zero points of the 
distance scales of VR and VA are not identical [4]. These two points will first 
be elaborated. 

(a) In the modified G.Ch.S. model of the double layer the first layer of ions 
at the interface is not considered to be a part of the diffuse layer, but  to be 
adsorbed electrostatically. The "adsorption-energy" of these ions is deter- 
mined completely by the Stern potential 48- !f a Langmuir isotherm is used 
to describe the occupation of this monolayer,  the surface charge can be ex- 
pressed as: 

O0 ------((/Stern q" adlff) 

= F Z [  1 
1 + x -1 exp(--F~/RT)  

1 ] 
1 + x -1 e x p ( F ~ / R T )  

(3a) 

+ (2 RT e Cs/?l) 1/2 s i n h ( F ~ / 2  RT) (3b) 

By using eqn. (3b), the potentials in the Stern and Gouy planes are put  equal, 
which is allowed in cases of low surface coverage. 

The maximum coverage of the monolayer, Z, is determined based on a 
closest array of the possibly hydrated ions of both ends of the lyotropic 
series, viz. Li- and CsNO3. It is generally assumed that  the Cs+-ion is not  
hydrated [10,11], so rcs+ = 1.67 A. The primary hydrat ion number of Li + 
amounts to about 5. Recently binding energies of several Li+-hydrate struc- 
tures have been calculated [12]. It appears that  the primary hydrat ion has a 
tetrahedral structure in which the Li--O distance amounts to 2.03 A. This dis- 
tance is not  sensitive to differences in hydrat ion numbers. The radius of the 
hydrated Li+-ion then amounts to 3.35 A (viz. rLi_ o + ro2_ = 2.03 + 1.32 A). 
This leads to ZL1 = 8.55 × 10 - l °  mol cm - e  and Zcs = 34.3 × 1 0  - 1 °  mol cm -2.  
The electrostatic adsorption of the nitrate ions is so small that  it can be left 
out of consideration. 

Concerning the Na ÷-, K +- and Rb+-ions we refer to the results mentioned 
in section 4.2.3. 

Figure 2 shows the ~6(~o) and ~ (no) curves determined as mentioned 
above as broken lines for 10 -3  M and 1 0  - 1  M Li- and CsNO~. The modified 
double layer model yields a lower ~ at the higher concentrations; only a 
minor difference is found at lower concentrations. Furthermore the differ- 
ences between LiNO3 and CsNO3 become smaller and even change sign at 
10 -1 M. 
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Based on these ~ values the fractional surface coverage 0 amounts  to 
about 0.01, so that  it is allowed to use equal ~ values in the Stern and Gouy 
plane. 

(b) The determination of the total free energy of interaction VT is based 
on the following points: 

(1) The potential used in the expression of VR is the Stern potential ~ ,  
so the distance-scale of VR (symbolized by Ho) has its zero-point in the Stern 
plane. 

(2) The van der Waals attraction acts between the sol particles, so the 
distance-scale of VA starts at the solid/liquid interface. 

(3) The distance of closest approach between two sol particles is governed 
by the dimensions of the ions at the interface, and therefore equals twice the 
thickness of the Stern layer: 2A. 

These three points are summarized in the following way. In the determina- 
tion of VR the distance H o is used and for VA the distance H0 + 2A with 
ALi = 3.35 h and Ac~ = 1.67 h .  

The aim of our calculations is to find a set of VT(Ho) curves of such a 
nature that  flocculation is obtained at 0.092 M for CsNO3 and at 0.165 M for 
LiNO3, which are the flocculation concentrations measured by Klomp6 [1]. 
At lower electrolyte concentrations the sol must be stable which means that  
the maximum in the VT (Ho) curve has to be high enough to prevent the sol 
particles combining. As an example of the latter condition we use the case of 
LiNO3 at a concentration of 0.092 M. The above mentioned three criteria are 
schematically shown in Fig. 3. 

(4.2.2) Calculation method o f  the total free energy o f  interaction, V w 
Using the theory of Verwey and Overbeek of the stability of lyophobic 

colloids [7] Honig and Mul [3] determined the repulsive energy, VR, due to 
the interaction of plane parallel diffuse double layers. They converted VR for 
fiat planesinto VR for spherical particles by means of the Deryaguin integra- 
tion method. We used the computer program of these authors to calculate VR 
for spherical particles both at constant charge and at constant potential. At a 
certain ~ (i.e. ~ at infinite separation) a non-dimensional factor S (the re- 
duced repulsive energy) is obtained as a function of the non-dimensional dis- 
tance ~Ho/2. The repulsive energy V R is derived from S by: 

VR = (64 7r cs RTa /~2 )S  (4) 

Once ~ is known from the capacitance measurements at a certain concentra- 
tion (or ~) and pAg (or 4o) of the electrolyte solution, the only variable in 
eqn. 4 is the particle radius a. We determined S at constant charge (S ° ) and 
constant potential (S ~ ) under the circumstances of the flocculation experi- 

cs = 0.092 M. At the ments of Klomp6, viz. pAg = 11.2, c L1 = 0.165 M and c n 
same pAg this was done for LiNO3 at a concentration of 0.092 M. 

The attractive energy VA as a function of Ho is determined with the 
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Fig. 3. Total free energy of interaction, VT, as a function of the distance between the 
Stern planes H0, at a constant Hamaker constant A and particle radius a. ( -) Cs~O 3 
at 0.092 M; (-.-.-.) LiNO 3 at 0.165 M; ( . . . . .  ) LiNO3 at 0.092 M. 

Fig. 4. Total free energy of interaction, VT, as a function of the distance H O. Constant 
charge model, A = 10--19 J. ( . . . . .  )a  = 100 A;( )a  = 500A. (a) LiNO 3 at 0.165 M; 
(b) CsNO 3 at 0.092 M. 

H a m a k e r  express ion  fo r  non - re t a rded  van  der  Waals a t t r a c t i on  [13 ] :  

u u2 ÷ 4u] A 2 + 2 _ 2  _ + l n _ _  (5) 
V A = - - ~  2 + 4 U  ( U + 2 )  2 ( U + 2 )  2 

where  u = (Ho + 2A) /a .  The  var iables  in eqn.  5 are the  H a m a k e r  c o n s t a n t  A 
and the  par t ic le  radius  a. 

C o m b i n a t i o n  o f  eqns.  4 and 5 gives the  to ta l  in t e rac t ion  energy  VT as a 
func t ion  o f  Ho.  We have  d e t e r m i n e d  VT for  values o f  a b e t w e e n  50 A and 
500 A and values o f  A b e t w e e n  10 - 1 9  J (meta ls )  and 10 - 2 °  J (non-con-  
duc t ing  mater ials) .  

(4.2.3) Results 
(a) Total free energy o f  interactmn, VT, at constant charge (Figs. 4 and 5). 
For  a given value o f  A,  VT decreases  wi th  increasing par t ic le  radius a, which  
means  t h a t  a t t r a c t i on  will be  s t ronger .  A t  higher  values o f  a,  a s e c o n d a r y  
m i n i m u m  in the  VT (H0) curves occurs .  

F loccu la t ion  is f o u n d  for  CsNO3 at  0 .092  M and several values o f  A and  a. 
A d i f f e ren t  p ic tu re  is s h o w n  by  the  V T (Ho) curves o f  b o t h  L iNO 3 concen t ra -  
t ions,  viz. great  s e c o n d a r y  m i n i m a  arise b o t h  a t  the  f loccu la t ion  concen t ra -  
t ion  o f  0 .165  M and at  0 .092  M where  the  sol wou ld  be  stable.  Moreove r  VT 
b e c o m e s  highly posi t ive  at  shor t  d is tances  and  values o f A  ~< 6 × 10 - 2 0  J. I t  
appea r s  t h e r e f o r e  imposs ib le  to  ind ica te  c o m b i n a t i o n s  o f  values o f  A and a 
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Fig.  5. T o t a l  free energy o f  interact ion,  VT, as a f u n c t i o n  o f  the distance H o. C o n s t a n t  
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L iNO 3 at  0 . 1 6 5  M;  (b )  L i N O  3 at  0 . 0 9 2  M;  (c)  CsNO3 a t  0 . 0 9 2  M. 

at which flocculation with LiNO3 at 0.165 M and CsNOa at 0.092 M but 
stability with LiNO3 e.g. at 0.092 M can occur. 

(b) Total free energy of interaction, VT, at constant potential (Figs. 6, 7,8). 
The general characteristics of  the VT (H0) curves in this case are similar to 
those of  the constant charge case, viz. attraction is higher and the secondary 
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Fig. 7. The same as in Fig. 6, except a = 200 A. 

minima are more  p r o n o u n c e d  with increasing particle radius. The di f ference 
lies in the  shape o f  the  curves for  b o t h  LiNO3 concent ra t ions .  

In this cons tan t  potent ia l  case it is possible to  indicate combina t ions  o f  
values o f  A and a where  f loccula t ion  or  stabil i ty occurs  at  the  desired con- 
centrat ions.  G o o d  agreement  is f o u n d  if A a m o u n t s  to  a b o u t  6 X 10 - 2 0  J 
and for  a range o f  part icle radii be tween  100 A and 500 A. For  the  smallest 
particles a somewha t  greater A is necessary to  find the  same agreement ,  and 
similarly for  larger particles a smaller A is required.  This t rend  is seen in 
Figs. 6--8. 

The shape of  the  V w (H0) curves with A = 6 X 10 - 2 °  J o f  Figs. 6- -8  shows 
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that repeptization of the flocculated AgI sol is possible. The flocculated sol 
is in the situation represented by Figs. 6a--8a; on diluting the situation is 
changed to that  of Figs. 6b--8b. In the latter figures the difference between 
VT (Ho = 0) (the flocculated situation) and VT in the maximum is sufficiently 
small to allow the particles to separate. The Vw (Ho) curves with A < 6 × 10-2°J  
do not  show a maximum, so the repeptization would occur spontaneously after 
diluting the flocculated sol. 

(c) Compared with Li- and CsNO3 at their flocculation concentrations, curves 
of the same nature for the total  free energy of interaction are obtained for the 
flocculation concentrations of Na-, K- and RbNO3 if the radii of the latter 
cations are taken as 3.0, 2.7 and 2.3 A, respectively. This requires configura- 
tions in the Stern layer, in which, on the average, the lines through the centers 
of the cations and the hydrat ion molecules in contact with the surface are not  
perpendicular to the surface but inclined to it. 

(5) DISCUSSION 

(5.1) Lyklema 's explanation 

The explanation of the lyotropic effect (section 4.2) is presented as an alter- 
native to that  by Lyklema [2], who applied a double layer model which in- 
cludes specific adsorption of cations. As a background to our criticism we will 
summarize Lyklema's method for determining the amount  of specifically 
adsorbed cations. 

From potentiometric titrations of AgI suspensions in inert electrolyte solu- 
tions with potential determining ions (Ag ÷ or I - )  a relation is obtained be- 
tween the surface charge Oo and the surface potential ~0. At 85°C there ap- 
peared to be no difference between the ao (~0) curves in Li-, K- and RbNO3 
solutions, while the flocculating concentrations were also nearly identical. 
According to Lyklema these results indicate that  the cations are desorbed 
from the Stern layer, so that  the diffuse double layer theory of Gouy--Chap- 
man may be applied. In this way the Stern potential ~8 is calculated from 
the ao(~0) curves at 85°C (see eqns. 1 and 2, section 4.1). With the aid of 
an approximate equation of the D.L.V.O. theory for the relation between 
the flocculation concentration and the Stern potential, the Hamaker constant, 
the only unknown, is determined at 85 ° C. 

The same Hamaker constant is used at 25 ° C, where specific adsorption 
would occur, together with the flocculation concentrations at 25°C to deter- 
mine the Stern potential at this temperature. Now the charge of the diffuse 
double layer (od) at 25°C can be calculated (eqn. 2, section 4.1). Combina- 
tion of this charge and the experimentally determined surface charge Oo (at 
25°C) yields the adsorbed charge oa, because Oo = --(Oa + od). The description 
of this adsorption with a Langmuir isotherm gives an adsorption energy of 
2.1 kT for Li +, 2.5 kT for K + and 2.9 kT for Rb +. 

Lyklema's explanation is open to the following criticisms: 
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(1) The relation between the flocculation concentration and the Stern poten- 
tial is derived from the D.L.V.O. theory for flat double layers; furthermore an 
approximation is used. The size of  the particles is not  taken into account.  

(2) The interpretation is based upon the assumption that the maximum in 
the total interaction free energy curve equals zero for the flocculation concen- 
tration, which means that  we deal with the transition from slow to rapid 
flocculation. The experiments, however, refer to slow flocculation, which 
means that the interaction energy has a positive value. 

(3) The assumption that the Hamaker constant  does not  depend on the 
temperature is an approximation. Recently it was demonstrated that  a tem- 
perature dependence may have to be taken into account  [ 16,17 ]. 

(5. 2) Constant charge or constant potential 

The calculations of  section 4 suggest that the lyotropic sequence in the 
flocculation of  AgI may be explained better  with the constant potential model 
than with the constant charge model. This conclusion is, however, in contra- 
diction with that  of  Frens [4]. If the sol particles should meet each other in a 
Brownian collision, then in the case of  constant potential the charge of  the 
particles must be adjusted in about  10 -7  s by desorption of  I -  ions or ad- 
sorption of Ag + ions. This process would require a very high exchange current 
density of about  10 A cm - 2 ,  so that  the constant charge model is more prob- 
able. The slowness of the charge adjustment has been experimentally demon- 
strated by Frens, Engel and Overbeek [14].  

In a justification of  the constant potential model it is necessary to  examine 
the above mentioned ideas somewhat  further: 

(1) As a consequence of the remaining electrostatic repulsion and the hydro- 
dynamic interaction the mobili ty decreases strongly with decreasing separation 
of the particles [13],  which in turn prolongs the collision time. 

(2) Most of the flocculation experiments of  Klomp6 were performed with 
a sol of pAg = 11.2. The experiments of  Frens et al. [14] on the slow charge 
adjustment were performed in the pAg range between about  4.5 and 10. At a 
pAg > 10 and < 4 these experiments are not  practicable anymore with the 
used measuring technique because there the charge adjustment is very rapid. 

(3) Klomp6's experiments used a fairly slow flocculation as the criterion 
for the flocculation concentration. The flocculation time of  several hours may 
be more relevant for the rate of  the charge adjustment than the duration of a 
single collision. 

(4) In a collision between two spherical particles only a small fraction of  the 
total charge has to be desorbed. Most of  the charge adjustment may take place 
by migration of  the charge along the surface away from the region of  contact. 
Therefore the exchange current density needed is a good deal lower than 10 A 
c m  - 2 .  

(5) Measurements of  the impedance of  the cell AgI/electrolyte solution/AgI 
at different frequencies showed that the exchange current density amounts  to 
about  25 mA cm - 2  at a pAg of 11 [15].  



440 

Summarizing these points we conclude that the exchange current density 
is too  low to adjust the charge if the sol particles meet in a simple Brownian 
collision. The constant potential model is exact only if the repulsion can 
sufficiently slow down this movement.  

It is probably approximately correct if the migration of  charge along the 
surface and the long flocculation times are taken into account. 

(6) C O N C L U S I O N  

Calculations of  the total free energy of  interaction of  spherical colloidal 
particles with the aid of  a model which only takes into account  the finite 
ion size and does not  suppose ion-specific interactions yield a good explana- 
tion of  the experimentally determined lyotropic differences in flocculating 
concentrations. 

LIST OF SYMBOLS 

A 
a 

Cdl 
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Cfl 
F 
Ho 
k 
R 
S 
T 
u 

VA 
VR 

x 

Z 
z 

6 

0 
K 

A 
Oa~ O0 

(9" d 

Hamaker constant 
particle radius 
double layer capacitance 
concentration of  indifferent electrolyte (mol 1-1 ) 
flocculation concentration 
Faraday's constant  
distance between Stern planes of two colloidal particles 
Boltzmann's constant 
gas constant 
reduced repulsive energy of  two spherical particles 
absolute temperature 
(H 0 + 2A)/a 
van der Waals energy of attraction 
electrostatic free energy of repulsion 
total free energy of  interaction 
mole fraction of  indifferent electrolyte in the solution 
maximum occupation of the Stern layer (mol/unit  area) 
valency of  ions 
permittivity of the solution 
fractional occupation of  the Stern layer 
Debye-Hiickel reciprocal length 
thickness of the Stern layer 
adsorbed and surface charge respectively 
charge of the diffuse double layer 
potential in the Stern plane 
surface potential 
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Note  added in p r o o f  

Recen t ly  the manuscr ip t  of  a paper  by  Lyk lema  and de Wit, to  be published 
in the present  issue o f  this journal  [1] ,  came to  our  a t ten t ion .  

In this paper  the  model  of  the  in terac t ion be tween  colloidal particles was 
improved,  so tha t  a par t  o f  our  criticism towards  a fo rmer  mode l  applied by  
Lyklema,  is removed.  However ,  the reason w h y  specifm adsorp t ion  does occur  
is in the  present  fo rm no t  convincing.  In our  paper we have chosen for  a 
double  layer  and in teract ion mode l  with the least n u m b e r  o f  parameters .  Pos- 
sibly supp lemen ta ry  exper imenta l  data  [2,3]  will lead to  the fact  t ha t  a more  
e laborated model  has to  be used. 

References 

1 J. Lyklema and J.N. de Wit, J. Electroanal. Chem., 65 (1975) 443 
2 J N. de Wit, Meded. Landbouwhogeschool, (1975) in press. 
3 J N. de Wit and J. Lyklema, to be published. 


