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ABSTRACT 

In the interpretation of light scattering by colloidal electrolytes in salt solutions 
the interaction between the colloidal particles and the low molecular weight ions has 
to be taken into account. When fluctuation theory is applied for the derivation of a 
light-scattering equation, nonelectroneutral fluctuations may be neglected in most 
cases. The total  light scattering can be split into three contributions, one due to 
density fluctuations, one due to concentration fluctuations in the low molecular 
weight components, and one due to the colloidal particles. In the last-named contri- 
bution the (usually negative) adsorption of the low molecular weight salts by the 
colloid is included. This can be taken into account in good approximation by using in 
the light-scattering equations the refractive index increment at constant chemical 
potential and not at constant concentrations of the other components of the system. 
This quanti ty can be measured directly in membrane equilibria or it  can be calculated 
from concentration differences in a membrane equilibrium combined with the more 
usual refractive index increments at constant concentrations. 

The theoretical treatment is confirmed by measurements of light scattering and 
membrane equilibria with half-neutralized polymethacrylie acid in 0.1 M sodium 
halide solutions and in a few other salts. The correction on the molecular weight 
varies from 10% in NaF to 25% in NaI  and amounts even to 45% in 0.01 
M (NH4)d'VIovO24. 

INTRODUCTION 

In his theory of light scattering by colloidal solutions Debye (I) derived 
the following equation which is valid for a two-component system (colloid 
and solvent) 

Hg _- 1 --.dr[ [1] 
r - ro R T  dg 

Here  g is the  concen t r a t i on  of t he  colloid in g . / cm.  3, II  is t he  osmot ic  pres-  
sure aga ins t  t he  solvent ,  R is the  gas cons tan t ,  T is t he  abso lu t e  t e m p e r a t u r e ,  
and  r and  v0 are  t he  t u rb id i t i e s  of so lu t ion  and  solvent ,  respec t ive ly .  T h e  

fac tor  H has  t he  va lue  

g --  32~r3n2(dn/dg)~ [2] 
3k04N~. ' 
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where n is the refractive index of the solution, ~0 is the wavelength in 
vacuum of the light used for the experiment, and Na~. is Avogadro's number. 

With the following expression for the osmotic pressure 

II _ g + Bg~ [3] 
R T  M 

E q .  [1] c a n  b e  t r a n s f o r m e d  i n t o  

//g 1 
+ 2Bg. [4] 

T - r0 M 

Here M is the molecular weight of the colloid and B is the second virial co- 
efficient. 

The above equations which have been derived from fluctuation theory 
are not wholly applicable to the case of charged colloidal particles in a 
salt solution. This is a three-component system where the fluctuations of 
colloid and salt are interdependent. Zernike (2) was the first to give a 
rigorous treatment of the light scattering in multicomponent systems. This 
treatment has been extended by Brinkman and Hermans (3), Kirkwood 
and Goldberg (4), Stockmayer (5), Shogenji (6), and recently by 0oi (7) 
and by Casassa and Eisenberg (8). In these theories suitable generalizations 
are derived for the quantities H (containing the refractive index incre- 
ments) and dII/dg (related to the free energy of the system). In electrolytic 
solutions, however, it is hard to find accurate explicit expressions for the 
free energy because activity coefficients are so hard to calculate. 

Mysels et al. (9, 10) and Prins and Hermans (11) in studying light 
scattering by soap micelles tried to avoid activity coefficients by ascribing 
an "effective charge" to the mieelles and further assuming ideal behavior for 
the solutions. This model is not satisfactory in so far as it is not evident 
whether the introduction of an effective charge takes the deviations from 
ideality sufficiently into account. We shall return to this point in a later 
paper. See also reference 12, chapter 5. Recently Stigter (13) has employed 
statistical thermodynamic relations to express the turbidity in terms of 
molecular parameters, i.e., size and surface charge of the colloidal particles 
and the ionic strength of the solution. 

The theory faces another difficulty in the long-range nature of electrostatic inter- 
actions. If the ionic strength of the solution is very  small (<10 -8 M), the range of the 
interact ion between charged particles becomes comparable with the wavelength of 
visible light. In  this case interference effects occur (14). These cannot be described 
by fluctuation theory in its usual form, which assumes the fluctuations in neighboring 
volume-elements to be independent.  

In this paper light scattering by charged particles in salt solutions will 
be treated by fluctuation theory. 0nly eleetroneutral fluctuations will be 
taken into account. The charge of the colloidal particles attracts counterions 
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and pushes co-ions away, thus causing a negative adsorption of added salts. 
This negative adsorption fluctuates as a whole with the particles, so that 
one may say that the particle plus its complete surroundings is the scatter- 
ing unit. The a m o u n t  of negative adsorption can be determined exactly in a 
membrane equilibrium (Donnan equilibrium) between the colloid solution 
and a solution containing only its small molecular weight components. 

FLUCTUATION THEORY 

The scattering solution, which may be a multicomponent system, is 
divided into volume elements AV. The refractive index in such a volume 
element will fluctuate around a mean value owing to the Brownian motion 
of the particles. 

Fluctuation theory may be applied if the following conditions are satis- 
fied: 

a. In order to keep phase differences negligible, the volume-elements AV 
should be small with respect to the wavelength of the light used. 
b .  However, the volume-elements should be large enough to make con- 

centration fluctuations in a given volume-element independent of those in 
neighboring volume-elements (15). 

If both these conditions are satisfied, the volume-elements may be con- 
sidered as radiating dipoles the amplitudes of which fluctuate independently. 
Consequently the total scattering of the solution is equal to the sum of the 
contributions of all volume-elements. I t  may be written as follows (2, 3) : 

32~3~ 2 V ( An ) 
- [ 5 ]  

3ho 4 

Here An -- n -- ~; n and ~ are the refractive index and the mean refractive 
index, respectively, in a volume V; r is the turbidity; ho is the wavelength 
i n  vacuo. 

We consider a scattering volume V, with a volume element AV in the 
shape of a slice with thickness d (Fig. 1). 

The maximum phase difference of light rays (with wavelength km in the 
medium) scattered under an angle 0 by the volume element is equal to 
2 d(sin (0/2))/kin. Hence to satisfy condition (a) this quantity should be 
small with respect to unity. 

In order to satisfy condition (b) the size of the particles and the range of 
the intcrmolecular forces (say r0) should be small with respect to the thick- 
ness d of the volume element (r0 ~ d). For short-range forces and visible 
light both conditions can be satisfied for all scattering angles. For long-range 
forces, however, it is necessary to measure the scattering under such a small 
angle that 2r0 s i n ( 0 / 2 ) / ~  be small with respect to unity. In order to find 
the scattering at larger angles, the correlations between different volume 
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FIG. 1. L igh t  sca t te red  by  the  slice AV has  a max imum phase  difference 
(2d/k.~)sin(~/2). 

elements have to be taken into account, but extrapolation to a scattering 
angle 0 = 0 restores the validity of Eq. [5]. 

CHARGED PARTICLES 

In systems containing charged particles such as proteins, polyelectrolytes, 
and simple electrolytes, the range of the electrostatic forces is given by the 
thickness, 1/K, of the Debye-Hfickel ionic atmosphere, where 

1 / /  DkT 
- i~ - - - 2  : ,  [6] 

K ~ ~ e ~ c ~  

and D is the dielectric constant of the medium, k the Boltzmann constant, 
e~ the ionic charge, and c~ the average number of ions of type i per unit 
volume. Beyond a distance of a few times 1/K from a charged particle 
systematic concentration differences are negligible. Hermans (15) has 
shown that in volume-elements whose linear dimensions are larger than 
1/K, nonelectroneutral fluctuations may be neglected as compared to 
neutral fluctuations. Consequently, the fluctuation theory may be applied 
to systems containing charge particles if 

2 sin ~/2 << 1. [7] 
Kkm 

In order to keep deviations below 1% the left-hand side of expression [7] 
should be smaller than 0.05. See reference 15. For visible light this condition 
obtains for all angles, if K > 1/(100 A.) or in aqueous solutions when the 
ionic strength is more than 10 -~ molar. We shall restrict our considerations 
to cases where Eq. [7] is satisfied. 
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DERIVATION OF A LI'GHT-SCATTERING EQUATION FOR A CHARGED COLLOID 

IN A SALT SOLUTION 

In  a system of m -5 1 components (i  = 0, 1, 2 - - .  m) the mean 
square of the fluctuation in the refractive index (An) 2 (see Eq. [5]) can 
be writ ten:  

i,k~--O t,k~--0 

where n~ = ( O n / O N t )  rv>~ ; N~ is the number  of particles of type i in volume 
V; ANt = Nt  --  -~t ; pk is the chemical potential  of component  k. The  
indices N, a mean  tha t  all N~., a~., except, h r ,  at are kept  constant  in the 
differentiation with respect  to N~ or a t ,  respectively. In  the following dis- 
cussion the index T will be omit ted for the sake of simplicity. 

The  first equali ty in Eq. [8] is self-evident. The  second one is based on 
the relation 

A N t A N k  = k T ( O N ~ / o , k ) ~ , v  = k T ( O ~ k / O ~ ) , , v ,  [9] 

which was obtained by  Zernike (2) using Gibbs '  grand canonical ensemble. 

Writing 

N .~ - E~ 
z = Z:  ~ p  = ~ T  I10] 

Z,N 

for the sum of states in the grand ensemble (16), where l indicates the different energy 
m 

levels of the system, N the different sets of No, N~ • • • N~, and N.~ = ~'= Na~i, we 

find the average value of Nj from 

N.~ - E~ 
:~;E = ~ Nj exp ~ = [11] 

z , ~  kT 

Differentiation with respect to ~k then leads to the desired relation [9]. 

O N ~  + ~ Nk N . ~  - - E l  ~ N ~ N k  N . ~  - E~ 

or 

0Nj _ Ni Nk :+ Nj N ~  ( N ;  - N i ) ( N ~  - N 4 )  _ AN; AN~ 
0 ~  k T  k T  leT k T  

Before inserting Eq. [8] into the light-scattering Eq. [5] it is desirable to 
apply  some transformation.  In  the first place the condition V = constant  
will be eliminated f rom the differential quotients n4 = ( O n / O N t )  v s .  

Further ,  the total  light scattering will be split into three contributions, one 
containing the density fluctuations, mainly from the solvent (component  
0), one containing the concentration fluctuations of the colloid with an 
equivalent amount  of counterions (component  1) including the contribu- 
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~ion from the positive or negative adsorption of the low molecular weight 
salts and other solutes (components 2 . - .  m) to the colloid, and one de- 
rived from the concentration fluctuations of the remainder of the compo- 
nents 2 . . -  m. Ooi (7) has given such a derivation for a neutral polymer 
in a mixture of solvents. Casassa and Eisenberg (8) developed the theory 
for a polyelectrolyte with salt. Independently an analogous derivation was 
given by one of us (12) for the ionic case. 

In Appendix I Eq. [12] is derived from Eq. [5] and Eq. [8]. 

[ (oo l T 
"r~ \ a c , / , j  ~ , y ~ k ( a c J a ~ ) # , , o , .  [12] 7" i ~ l  

A - [V2nr~ - ¢~]K + ( o I I / a c l ) , ,  cl + ~ . ~  

In this equation 

A = 327r3~kT/3Ao4; [13] 

n v  = ( O n / O V ) N  ; [14] 

¢ = ~ ~c~ ; [15] 
i=1 

~ = (On/Oc~)p.c ; [16] 

cl = N ~ / V ;  [17] 

,~ = - ( O V / V a P )  ~ ; [181 

P = pressure; 
II = osmotic (Donnan) pressure difference between the solution and 

a solution in equilibrium with it but  containing only the low 
molecular weight components. 

The index ~ ,  (t~/) means that  the chemical potentials of all the solutes 
(all solutes except the one used in the differentiation) are kept constant. 

The first term of Eq. [12] is due to density fluctuations, the second term 
to the colloid including the contribution from the positive or negative ad- 
sorption of the noncolloidal solutes, and the third one to the concentration 
fluctuations of the remainder of the noncolloidal solutes. For a salt solution 
without colloid (components 0, 2, . . .  m) one obtains 

~" - [ V n  * ~  - ¢*:]K* + z_. ~ ~*(ac~/a~k),,, ~ = o  [19] 
A i,k=2 ' 

We have labeled the variables here with an asterisk. 
I t  is shown by a numerical argument in Appendix I I  tha t  r * / A  can be 

put  equal to the corresponding unstarred terms of Eq. [12] in very good 
approximation: 

'1" [ g n ~  ~ - -  ~]~ + "y~'y~(ac~/at,~),,,,,o~ 
A i.k~2 
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and consequently 

, ~(ac~/acO,,~ 
T - -  T - -  i = 1  

A (aII/ac~)~,, el, [20] 

where r* is the turbidi ty  of the salt solution without colloid in Donnan 
equilibrium with the solution of turbidi ty  r. 

The  term Y,~,~(Oci/Ocl)~, can be t reated in two different ways. 
a. The refractive index increments ,./~ = (On/Oc~)ec can be measured 

directly at  normal pressure, and (Oc~/Oc~)~,~, being the adsorption of com- 
ponent i on the colloid, can be determined in a Donnan membrane equi- 
librium with an outside solution with chemical potentials g8 and an inside 
solution with colloid concentration cl (or it  may  be calculated in special 
c a s e s ) .  

The determination of (Oc~/Oc~)~,~ should strictly be carried out at the pressure of 
the Donnan cell, but the relative compressibility correction is of the order of rc 
(OII/do)~J(Oc~/Ocl)~< 1/M~onoid and is thus completely negligible. 

b. I t  is also possible to determine the sum Z~(0c~/0c~)~,, directly by  allow- 
ing the Donnan equilibrium to be established between two solutions with a 
difference in concentration (Ac~) of the colloid, separating the solutions and 
measuring the difference in refractive index (An). Then An/Ac~ is again 
with a relative error of the order Kc(OII/dcl)/(Oc~/Ocl) equal to the above- 
mentioned sum. 

In Ooi's analysis (7) the term Y,.).~(Oc~/Oc~)~, is replaced by (On/Ocl) , , ,  
the value of T* being also slightly changed. In  (On/Oc~)~,, the increments of 
the refractive index and of the concentration Cl should both be measured 
at the Donnan pressure. The difference, however, with An/Acl  as defined 
above and with Y~'y~(Oc~/OcO~, is again of the order of 1/Moouoid. 

When concentrations by  weight are introduced, g~ = ciM~/N~,.  , where 
M~ is the molecular weight of component i, Eq. [20] can be transformed into 

r -- ~'* R T  ,~' 

where 

H p -  321r3n~ ( 0 n ~  2 [22] 
3Xo4N~. \Ogl/D . . . . .  

and (On/0gl)D . . . . .  is the refractive index increment measured between the 
two solutions of a Donnan equilibrium, but  brought to the same pressure. 

The Donnan pressure II may  be expanded into a power series in gl 
(17, 18) 

= B 2 3 H / R T  gl/M~ + (p~)g~ + D( , , )g~  + . . .  [23] 
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Introducing this expression into Eq. [21] leads to 

I Hgl  1 
- + 2B(#~)gl + etc. [24] 

r - -  T* M 1  

an expression differing only from the traditional expression [4] in that r* 
now represents the scattering by the mixture of solvent(s) and low molecu- 
lar weight salts and in that H'  contains a refractive index increment at 
constant chemical potential rather than at constant concentration. 

In an actual dilution series the concentration of the salts rather than 
their chemical potential will be kept constant. This implies that for each 
concentration of the colloid the chemical potentials ~, will have slightly 
different values. This affects H t, r*, and B. The influence on H p is due to 
higher order effects such as (02n/Og¢Ogl) and 2 (Og~/Ogl) and may be 
neglected. 

It  has been mentioned in Appendix II that the influence on r is small 
compared to the difference between r* and r °* and may also be neglected. 
The second virial coefficient finally may be written 

0 B ( 0  ) # .  
= °) + o g l  + - [25]  

and the correction term therefore would affect only higher terms than the 
ones written in Eq. [24]. 

TRIJE AND A P P A R E N T  MOLECULAR WEIGHT AND SECOND 

VIR IAL  COEFFICIENT 

The use of Eq. [24] allows the calculation of the true molecular weight 
M1 and the true second virial coefficient B from turbidity measurements, 
provided (On/Ogl) has been determined with a correct procedure, i.e., using 
a membrane equilibrium. If, however, a refractive index increment at 
constant concentrations (On/Og~)g~...g~ is substituted in expression [22] for 
H', then an incorrect or apparent molecular weight M~* and second virial 
coefficient B* are found. If only one low molecular weight salt is present 
(component 2), the relation between M~ and M~* is 

F (On/ag2)~ (Og21 1 ~ [26a] MI* = M~ [1 + (On/Og~)g \~/ ,~_1 

and the relation between B and B* is 

B* = B 1 + (On/Og~).~ \ ~ / ~ . j  " 

Relations equivalent to Eq. [26a] were already used by Stockmayer (5) 
and by Ooii.(.7) in the discussion of the adsorption from a mixed solvent to 
an uncharged polymer as measured by Ewart et al. (19). More recently 
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Strauss and W/haman (20) used an equation equivalent to Eq. [24] for the 
determination of the molecular weight of polyphosphates. They determined 
a quant i ty  analogous to (Og2/Ogl)~ from membrane equilibria. 

THE NEGATIVE ADSORPTION OF SALT . . . .  

The most obvious contribution to (Og2/0gl)~2 is caused by the electrical 
double layer. If we neglect any specific effects, the double layer is always 
a seat of negative adsorption of the supporting electrolytes. Assuming for 
simplicity this to be NaC1, the concentrations of the ions in the double 
layer are given by 

c~a = c~ exp (--e~b/lcT) ; 
[27] 

ce~ = c2 exp (+e~b/kT). 

Here e is the elementary charge, and ~ is the potential in the double layer. 
I t  has been pointed out repeatedly (for example, Overbeek (21)) that  
according to Eq. [27] the excess of counterions and the deficit of co-ions 
are equal when the potential is low, but  tha t  at increasing potential the 
excess of counter/oRs rises much faster than the deficit of co-ions. See 
Fig. 2. 

The difference between the amounts of counterions and co-ions just 
compensates the particle charge ze. The negative adsorption of salt is 
equal to the deficit of co-ions and thus equal to ~z molecules per particle, 
where ~ = 1/~ for low potentials and a < ~ for high potentials. Stigter 
(22), for example, has calculated ~ for spherical micelles of sodium- 
laurylsulfate with a charge of about 100 and has found a ~ 0.085. 

We may  thus write 

Ogl/,~ = ~ \Oc--]~/,~ M1 

l CODC 
FIi~h potef~t/'el 

..................... ~ CO lOns~ C2 

d/stance 
A 

1 
COrlC 

Low potent~a/ 

-.-__.__..c•r io tas  c~ 

d i s t a n c e  
B 

FIo. 2. Illustrating the disfribution of ions in double layers. A for high potentials; 
B for low potentials. 
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and 

M:* = M: 1 -- ,~z M1 (On/Ogl)~ ]"  [29] i 

Mysels  and co-worker (9, 10) have t reated the light scattering by micelles 
of sodiumlaurylsulfate assuming incomplete dissociation (effective charge 
zej1.e < ze) combined with ideal behavior. They  obtain an equation which 
can be writ ten in a first approximation 

. M:* - M: (1 z~1s.2 ~]'M2(On/Og2)g~2 [30] 

Their  Zesf. is therefore equal to 2az, twice the negative adsorption according 
to the above t reatment .  They  find zofs, ~ 15, nearly identical with 2az = 17, 
which follows f rom Stigter 's  work. 

EXPERIMENTS 

The theory developed above has been tested with solutions of poly- 
methacrylic acid (PMA)  in aqueous HC1 and in various salt solutions. In  
HC1 no double  layer effects are to be expected, because the polymer is 
uncharged. I n  salt solutions, the polymer was half neutralized by  addition 
of NaOt t l  and  charge effects are pronounced. As the structure of the polymer 
coil is mainly  determined by  the concentration and valence of the cations, 
while the optical effects are just as much determined by  the anions, we 
have directed our a t tent ion in particular to variat ion of the anions. 

PREPARATION OF THE POLYMER 

PMA Was prepared according to the method of Arnold and Overbeek (23) with H20~ 
and Fe3+-ions as the catalyst (50 g. methacrylic acid, 67 ml. 0.03 M H202, 70 ml. 0.03 
M FeSO4, and 500 ml. It~O). The PMA thus obtained has not been fractionated sharply; 
care has been :taken only to get rid of the highest and lowest molecular weights by 
precipitation with HC1 from aqueous solutions. To remove the iron the PMA was 
dissolved in an NaOH solution and filtered. Colloidal Fe(OH)~, however, is still 
present after this procedure. Upon addition of acetone the Fe(OH)~ precipitates 
together with a small amount of polymer and then the supernatant polymer solution 
can be decanted. The alkaline-polymer solution was then neutralized with HC1 and 
dialyzed against distilled H20; subsequently the solution was electrodialyzed against 
conductivity water during 5 days. The solution obtained in this way was diluted to 
about 2% as determined by titration with NaOH. I t  still contained a trace (less than 
0.005% calculated on the polymer) of iron. 

REFRACTIVE INDEX INCREMENT 

A known weight of the stock solution of P M A  was half neutralized by 
N a O H  and after adding a known weight of salt, was diluted with distilled 
water  to 50 ml.  The refractive index increment determined was sufficiently 
independent of the wavelength to allow determination with white light in a 
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T A B L E  I 

Refractive Index Increments of Salt and of P M A  at 20°C. 

Solvent 

On On 
\ 0g2 / a~ffi0 

(ml./mole) (ml./g.) (ml./g.) 

0.045 M tIC1 - -  0 .156 0 .162 
0 .1  M N a F  5 .5  0.229 0.219 
0.1  M NaC1 10.2 - -  0.213 
0 .1  M N a B r  13.4 0.234 0.209 
0 .1  M N a I  21 .2  - -  0 .197 
0 .1  M Na~SOt 21.3 - -  0 .210 
0.01 M (NH4)~Mo70~4 - -  0 .227 0.169 

T h e  p o l y m e r  in  t h e  s a l t  s o l u t i o n s  is ha l f  n e u t r a l i z e d ;  c o n c e n t r a t i o n s  ¢~ are  ex-  
p r e s s e d  in  g r a m  P M A  (ac id  f o r m )  pe r  mi l l i l i t e r .  

Rayleigh interferometer (fabricated by Zeiss). I t  was determined for con- 
stant salt concentration (usually 0.1 M) and various PMA concentrations 
(maximum 0.15 %). The solutions were then dialyzed against the same salt 
concentration. After about 24 hours equilibrium was established; the 
polymer concentration had not changed materially. The refractive index 
increment (now at constant chemical potential) was again determined. The 
results are given in Table I. 

SCATTERING OF L IGHT 

Scattering of light at angles of 45, 90, and 135 degrees with the incident 
beam was measured with a Brice-Phoenix apparatus at 546 m~. For each 
salt concentration a series of polymer concentrations (half neutralized 
with NaOH) were investigated. With the HC1 solution dissymmetry was 
nearly absent (z = I45/I1~ = 1.02; Pgo 1 = 1.014; for notation see Doty and 
Steiner (24));  in the salt solutions it was somewhat higher (average 
z = 1, 1; Pgo 1 = 1.08). The turbidity r used in our equations has been calcu- 
lated from the light scattered at  90 ° by the equation 

I goor ~ 167r [31] 
r - I,~im. P9-°1 3 ' 

where r is the distance from the primary beam. 
In Fig. 3 the values of H g l / ( r  -- r*) have been plotted against gl ,  the 

PMA concentration. The refractive index increment in H was taken at  
constant salt concentration. So the lines extrapolate to 1 / M *  rather than to 
1/M~ and have a slope B* rather than B. In all cases, except for HC1 
solutions, the average value 0.230 has been used for (On/Og~)g~ . 

The line for HC1 is nearly horizontal, indicating a very small interaction 
between polymer particles. In salt solutions where the polymer is charged, 
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4 

Hg/ X I0 5 
"d-'C * 

//~//va2so4 
NeCI 

,NaF 

JL 

2 HC/ 

I / , I I r 
0 0.I 0.2 Q3 0.4 

conc. PMA (g/lOOm/y) 

FIG. 3. Hgl/(r - r*) plotted against concentration PMA. The data for Na=SO~ 
:have been shifted upwards for clarity. 

TABLE II  

Apparent and True Molecular Weight and Second Virial Coei~cient of P M A  

B* X 108 B X 1(} ~ 
Solvent MI* X 10 -3 M1 X 10 -3 (ml./g.) (ml./g.) 

0.045 M HC1 58.0 53.8 0 0 
0.1 M NaF 46.7 51.5 4.12 3.74 
0.1 M NaC1 44.7 52.1 4.35 3.73 
0.1 M NaBr 41.2 50.0 4 3.3 
0.1 M NaI 37.2 50.7 5.00 3.66 
0.1 M Na~SO4 41.5 49.8 3.42 2.85 
0.01 M (Ntt4)aMoTO24 28 52 2.95 1.59 

the  slope is pronounced,  ind ica t ing  s t rong repuls ion be tween the particles.  
The  cut-offs on the ord ina te  correspond to 1 / M 1 "  (Eq.  [26a]) and  the  

slopes to B* (Eq.  [26b]). T h e y  are different for each of the salts. If  the cor- 
r ec t ion  factor  [1 + (0g~/0gl)~,2 (On/Og2) 9/(On/Ogl)  0] 2 is applied, the t rue  
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molecular weight M1 found from the different salt solutions appears to be 
51.000 4- 1000. The second virial coefficients, B, for the different halides 
are nearly identical, indicating that the interactions between pairs are also 
very similar. See Table II. 

NEGATIVE ADSORPTION AND EXTRAPOLATION PROCEDURE FOR THE 

1V[OLECULAR WEIGHT 

The difference between the refractive index increment at constant con- 
centration and at constant chemical potential of the supporting electrolyte 
is directly connected with the (.negative) adsorption of the salt to the 
polymer. 

The salt adsorption in grams per gram of polymer, (Og2/dgl),,z or in 
moles per equivalent weight of polymer 0 (ge/M2)/O(g~/E),5 can be deter- 
mined from the following equation 

( On/Ogl),2 = ( On/Og~)~ + ( On/Og~) g ( Og2/Og~),~ 

= (anlogl)o + ( o n ' )  M~ O(g2/M2). [32] 

\Og2/~ E O(gl/E) ' 

where E is the equivalent weight of the polymer (half neutralized!, 
E = 172) and M2 is the formula weight of the salt. Some values of the 
negative adsorption can be calculated with the help of Table I, but they are 
not very accurate. Nevertheless it is obvious tha t all the salts are negatively 
adsorbed , ((0n/0g~),~ < (On/Ogl)~2), in agreement with simple electro- 
static theory. The slight positive adsorption of HC1 must be due to a more 
specific effect. 
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FIG. 4. Refractive index increment at constant chemical potential plotted against 
molar refractive index increment of salt. 



SCATTERING OF LIGHT BY CHARGED COLLOIDAL PARTICLES 583 

ksoooo 

z / o  ' ~ N e B r  

200 40000 ~ o J  
19o 
/(90 

3 0 0 0 0  
170 I I I 

o /o  20 30 

1 

FIG. 5. Square root of the apparent molecular weight M~* plotted against molar 
refractive index increment of salt. 

A more accurate value for the negative adsorption can be obtained on 
the assumption that it has the same value for the four halides. Then, if 
(On/Ogl)~ is plotted against M2(On/Og~)g, the slope of the straight line 
obtained gives the negative adsorption and the cut-off on the axis the value 
of (On/Ogi)~2 as follows from Eq. [32]. From the plot in Fig. 4 the negative 
adsorption of the halides appears to be 0.24 mole/equivalent of polymer. 

Similar use can be made of Eq. [26a]. By plotting the square root of the 
apparent molecular weight ( ~ ¢ / ~ )  against M~(On/Og2) g (Fig. 5) a straight 
line is obtained. 

From the cut-off the true molecular weight is found (M = 50000) and 
the slope gives the negative adsorption (O(g2/M2)/O(gi/E))~ = 0.25 
mole/equivalent), both in very good agreement with the values determined 
earlier. An attractive feature of this method is that it foregoes the use of the 
membrane equilibrium and the separate determination of the negative 
adsorption. I t  allows determination of the molecular weight and the nega- 
tive adsorption from conventional light-scattering and refractive index 
increment measurements only. 

APPENDIX I 

DERIVATION OF THE LIGHT-SCATTERING EQ. [12] 

For the conversion of Eq. [8] 

An 2 
( On/ON~) vr~( On/ONk) vrN( ON'k/Ott~ ) v~. , [8] 

/~T ~,k=0 
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aux i l i a ry  equa t ions  for ( 0 n / 0 N 0  vr~ are  first  de r ived ,  in which  the  concen-  
t r a t i o n s  c~ ( i  = 1 •. • m) and  P are  cons idered  as  the  i n d e p e n d e n t  v a r i a b l e s  
i n s t ead  of N~ ( i  = 0 . . .  m) and  V: 

k=l \0-~k/ . ,o \ON~/ . ,N - -  n v V , .  

W i t h  ck = N k / V  th is  is t r a n s f o r m e d  in to  

ck OV 

[A1] 
= [~.~ -- V~(nv  V + O)]/V.  

I t  should  be  r e m e m b e r e d  t h a t  7~ does n o t  exis t  for i = 0. I n se r t i ng  t h e  ex-  
press ions  [A 1] in to  Eq .  [8] l eads  to  

An 2 1 
k T  - V ~ ~ ~k(ONk/O#i)v,~ 

i,k=l 

2 ( n v  V + 4,) 
Vk(ONk/Om)v,~ [A2] .d...a 

W 2 i ~ 1  
k ~ 0  

+ ( n v V  "4-4~)'~-~ V,  V , ( O N k ~  . 
V 2 ~,k=0 \ 0#~/v.~, 

Us ing  t h e  G i b b s - D u h e m  re la t ion  and  d i f fe ren t ia t ing  w i th  respec~ to Nk a t  
c o n s t a n t  V and  No • • • Nk-~ ,  Nk+~ • • - N ~  we o b t a i n  

m 

V(OP/ONk)  w = ~ Nz(Ou~/ON~) v,~.  [A3] 
l=0 

S u b s t i t u t i n g  

a n d  

we find 

(OP/ON~) v,N( ONk/O V)  . ,~(  0 V / O P  ) ~ = -- 1 

i( v) 
K = -  V ~ - ~  

m 

Vk = K ~-~ Nz(  c)p~/ONk) v,N . [A4I 
l ~ 0  
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Further,  

( o~JON~)  v,~( o N ~ / o ~ ) ~ , ~  = ( o~/o~,~) v,~ = ~ , 
k=O 

where ~t = 0 if i ~ l and ~a = 1 if i = I. Inserting [A4] into [A2] and 
carrying out the summation over k leads to 

V2E~n 2 
- E - V + E 

k T  i,k=~ i=1 
/~0 

[A5] 
+ (nv V + ¢)2K ~ V i N ~ a .  

With ~-~i~1 "/~N~ = V¢ and ~,i~=o V~N~ = V this expression reduces to 

1 m 
VAn2 V i,~=l "Y i k T  - (V2nv2 -- ¢2)K -[- "yk(ONk/Ott~)v,,. [A6] 

I t  is convenient to transform the differentiation with ~ -- constant in Eq. 
[A6] into one with N~ = constant but  keeping to t~ = constant for the other 
components. This will be indicated by the suffix ~ .  We find 

for i,/~ ~ 1 (ONk/Ot~) v,~ = (ONk/O~) v ,~ ,~  

[.471 
for i = 1 or k = 1 (ONk/Ott~)~-.~, 

Applying Eq. [9] leads to 

(ON~/ON~) v,~o [AS] 
( o N ~ / o ~ )  ~,.~ = ( o N ~ / o ~ )  ~,.~. = ( o ~ / o N ~ ) v , ~  

From the Gibbs-Duhem relation we find 

N~(O,~/ON~) ~.~,~ = V(OP/ON~) ~.,~. [A9] 

Combining Eqs. [A6], [A7], [AS], and [.49] finally gives 

1 
i,k~2 

V~(OP/ON~) v,~ 

which gives Eq. [12] after conversion to concentrations c~ = N~/V ,  making 
use of Eqs. [5] and [13], and writing II for P. Indeed V ( O P / O N O  v,,, or 
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(OP/Oc~)~,, represents the change in pressure of the colloidal solution, with 
the colloid concentration at constant chemical potentials of all other com- 
ponents, and this  corresponds exactly with the change in the Donnan 
pressure of the colloidal solution. 

APPENDIX II 

ESTIMATION OF THE DIFFERENCE BETWEEN THE TURBIDITY CONTRIBUTED 

BY THE LOW MOLECULAR WEIGHT COMPOUNDS IN THE 

COLLOID-CONTAINING AND IN THE COLLOID-FREE 

SOLUTION 

The difference between r*/A (see Eq. [19]) and the first and third term 
on the right-hand side of Eq. [12] 

0* 
v _ [V2nv2 _ ~2]K + £ ~ "Y~(Oc~lO#~),~,,cl [B1] 
A i,k=2 

is caused by the presence of the colloid material with the concentration c~, 
and is in first approximation proportional to c~. The proportionality con- 
stant can be found by differentiating r °* with respect to cl at constant ~ .  
I t  should then be compared to the proportionality constant of the main 
term 

T O* " A  Writing R for the ratio of (0( / )/Ocl) to [B2] and introducing concen- 
trations by weight 

g~ = c~M~/N.4~., [B3] 

where M~ is the molecular weight of component i, we find 

- -  g~;  K 
M, Og, ( [  \-O-V).~ -~i P, 

£(o, 5 ( ( og,,,) } 
+ ~,k=2\Og~/e,\Ogk/e,\O~k/,,',, N-~. [B4] 

R =  

A reasonable estimate of R can be obtained by the following simplifica- 
tions and substitutions. All (On/Og~) are taken as equal, independent of 
gl, and about equal to +0.3; V(dn/dV)  is of the same order, but negative: 
O/Og~[V(dn/dV)] can be estimated at about -0 .1;  ~ '~  (OgJOgl), which 
includes the term (Ogl/Ogl) -- 1 and the (negative) adsorptions 
(Og~/Ogl) ~1,  can be estimated at 0.5 or higher; OII/Oc~ = kT; K is equal to 

0~ 
5 X 10 -1~ ergs/cm. 3 (for water) and ~ may vary between " 5  X 10 -~ and 
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+ 5  X 10 "11. The te rm 0/0g1~_,~=2 (Ogi/Om)~;.~ can be t ransformed as 
follows. 

Neglecting act ivi ty  corrections we put  

~k = tL~ ° + v~kT In gk °, 

where vk is a small integer and gO is the weight concentration in the equi- 
librium solution a t  gl = 0. Now 

g~ = gO + f~gl, 

0~ where f~ depends on all g~ s. In  the more simple cases ~--~i ~i will be a func- 
tion of ~-~,~ gO. At  high electrolyte concentration it will reach a limit. At  

I ~"~m 0", 1/2 low electrolyte concentration it varies as (ionic strength 1/2 or as ~ A.,~ g~ ) • 
With  these assumptions the actual t ransformation is simple. 

o = E ' 0 - -  0 (gl + ~igl)fl'kkTOglO in gk ° 
Ogl i , ~ 2  

[Bb] 

vkT ~ '  0 In gk ° v/cT 0 In ~ gk ° v/~T 

Here v is a weighted average between the vk's. Taking this as equal to 2 and 
taking --0.5 for ~ ~ (cf. the value chosen for ~ (OgdOg~)), R finally 
becomes 

4 R T (  10-11 10_11 ~ )  
R = ~  + 3  × ± 5  × 8-R--T " [B6] 

With R T  = 2.5 X 10 l° this reduces to 

5 Mk 
R = +---~ 

M1 ± M1 2Ml" [BT] 

Therefore the absolute error introduced is a t  most  of the order of the 
average molecular weight of the low molecular solutes and probably  never 
less than  5 or 10 units in the molecular weight. 

Finally, we remark  tha t  a very  similar, if not identical value for R is 
found, if the differentiation of [B1] is not carried out at  constant  chemical 
potential,  bu t  a t  constant  concentrations of the low molecular weight 
compounds. 
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