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ON SMOLUCI—IOWSKI’S T‘QUATION FOR THE
ELECTROPHORESIS ‘OF GOLLOIDAL PARTICLES

by J. TH G. OVERBEEK B 54118 537.363

- .Summary ‘ : - : o . )
This article de:ﬂs thh the theory of the t1me-of-re1axanon eﬂ'ect in’ 7
the case of cofloidal particles with a very thin double layer, Its in. = .

_fluenee on the electrophoretic velocity proves to be negligible, 0. .
that the electrophoresrs is adequate]y descnbed by Smoluchowsk: s R

14 atloﬂ
: q“_ D{‘E e

) no corrcctlon for the tlme-of-relaxatmn eﬁ'ect hemg necessary.

'.: E. v a7

1. Introduction N e ‘ , o :

Helmholtz 1) was the ﬁrst o mdmate how thc electrokmetm potentxal ¢,
could be caleulated from the electrokinetic phenomena. His deductions’
were improved by Smoluchowski?), who introduced the dielectric:
constant, D, of the medium and came, to the well-known equanon (1) for
the electrophoretlc ve]ocxty, e e N T

T e Dg‘E;r- 5 (1)

. 4«1:?1 :
(17 = vxscosny of the medxum, E = strcngth of the apphed ﬁeld)
Hiickel?) called in question the factor 4 in the denominator of equatlon
(1) and maintained, that this factor depends on the form of the parnf'les.
The factor should he 6 for spherical particles, according to Hiickel,
- The question remained unsolved until Henxy %) showed that- both -
" facters were correct in themselves and that the difference was due to the
different premises used. In particular Henry was able to démonstrate -
that Smoluchowski’s equation (1) holds goed for insulating particles 5)
having a double Iayer which is thin compared with the dlmensmns of the
particle, irrespective of the form of the particle. .
In all these deductions, however, the supposition is made that the elecu :
trical double layer is not deformed during the movement of the particle.
Now this supposition is quite unfounded and almost certaiuly wrong. The
process of electrophoresis cannot be comceived without a certain defor-. -
mation of the double layer. In the case of the strong electrolytes the in- .
fluence of this deformation on the ionic mobility (the so-called time-of-
relaxation effect) has been caleulated by Onsager®), and an extrapola-.;
tion of Onsager’s equations to particles with a very thin double layer .
would even lead to a very large influence of the time-of-relaxation effect
on clectrophoresis. The direct calculation of this effect for colloidal parti- -~
cles has been undertaken by various authors 7)8), but this proves to be. -
very coinplicated; it has certainly led to some results 8) but, owing to the -
intricate mathematical aspects of the prohlem, t]xcse are nelther simple
nor very accurate. e e e T Ve
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In the following it will be shown by a simple argiment ?) that the time-of-

relaxdtion effect is small and that it may be disregarded precisely under

the premises used by Smoluchowski, wviz, that the thickness of the

doublc laver is small compared with the dlmcns:ons of the partlcle. o

2. The rzme -of relamr:on effect

During the movement of a colloidal partxcle in an clectric ﬁeld the jons
of the double layer tend to lag behind. This brings about space charges'_ B

in front of and behind the partlcle, giving rise to an electric field which is

opposed to the primary field and retards the electrophoretic movement, -

The magnitude of these space charges is governed by two influences. On

the one hand these charges are built up by the movement of the counters
_ions under the influence “of the applied field and by the flow of the liquid. -
" On the other hand-the space charge is continuously being dispersed as a

result of the conductivity of the liquid and of the diffusion process. In the -

stationary state of clectrophoresis these building-up and hreakmg-dowu.

pxocecscs must counterbalance each other, - L

Mtw ould be somewhat more exact to state that not only is a cc)ntmuous accumulatlon. .

of charge impossible but alse an accumulation of neutral electrolyte. In the process sketched
above the increase of tle space charge is the result of a displacement of ions charged oppo-

sitely to the particle. The decrecase of the space charge, however, is caused by the displaces . -
ment of jons of both signs, the result being an accumulation of neutral salt behind the o
particle and a corrcepoudma' deficit on the other side. This displacement of neutral salt

will be counteracted by diffusion {not by conduction), but as there are no space charges . .- - L

_ involved it iz not of much interest for calcuhtmns of the time- of—rela\.atmn effect,

We clmll now pr‘oceed to gwe amore quantﬂ;auve treatment of the argument -

outlined above. We will consider an insulating partiele .of arbitrary form

with a positive surface charge of density o, immersed in a solution of a ..
simple_electrolyte containing n.. positive ions of charge e, and n_ negative . .-

ions of charge e. per cm® According to the theory of the diffuse double

fay er, the negative charge balancing the surface charge may for manyx_'.
purposes be thought of as hcmfr sxtuated at a dlstauce I// from the surs

face 227 being equal to -

w= DET.

Even w 11cn the surface potent1a1 is Iarge, so thatitisnot ailowed o mtro-“ -
duce the usnal approximation for small potentials (exp [neW[ET) =1 +- - -
ne¥//kT) leading to the value Difds for the capacity of the double .

. dn (n_';. e.;ﬁzl*{- n. e\_f? A f S -‘ | ' | (2) :

Iayer, the capacity of the double layer remains proportional to x, that is

. to the square root of the concentration of clectrolyte. The proportionality /-
factor, however, is no longer equal-to D4z, (Cf VYerwey and Overh eek‘

“Theory of the stability of lyophobic colloids™ in the press.}

We suppese 1/x to be much smaller than the dimensions of the partxcle.f s
As a consequence of the applied electric field there is a current of negatw&

chargc annrr the surf1ce of the par’ucle This current is equal to.

- Fe.

B e

' ‘(1 /o_ gn es the moblhty, the veloclty of' the nerratlve ions under wait force' g

UGN

"has no component perpendicular to the surface... -

. neighbourhood of the double layer and dying out at greater distances from

where A is the conductivity. of the solution and g “another form factor of

‘ order of d? is found to be -

where h is agam a form factor, — '

S.MOLUCHOWSK!'S ELECTHOPHUKLDID nyvariuy o - - .

d is one of the main d:menswns of the parncle, and f isa form factor af the' ,; e

‘order of umty)

If the particle i is a cylmdcr, movmg with its axis in the dlrectlon of the field, and d 1ts‘-; .
diameter, f is eqmal to 7, - . L

Apart from this movement of ions with respect to the hqmd 1mmed1ately R
surrounding them there is a movement of this l1qu1d as a whole, whlch '
gwes rise to a current iy, equallmg - o Lk Lo

Here the double layer is best thought of as a Helmholtz Iayer moving .
with a velocity U with respect to the particle. The form factor is the same .
as in equation (3), as in every point of the surface the local Velomty of the .
liquid is proportional and parallel 1o the local field *). Hefe use is made
implicitly of the premise that the particle is non conductmg, s0 that E. .

To find a value for the return eurrent iy we assume that the: space charges
of relaxation generate a counterfield having the strength Fin the immediate -

‘the particle according to the laws of electrostatics. Bearing in mind that the .
counter-current caused by this field runs almost entirely through the liquid
outside the double layer and that the excess conduction in the double layer
is the less' important the larger the proportlon between d and 1 /.-', the
return current may be put equal to - .

the order of unity, the factor d* arising from the fact that with increasing -
dimensions of the particle the area through whmh thlS current passes
increases as the square of the dlmensmns. :

n the case of a sphenca] partxcle of dmmeter d and a charge dxstnbunon such as to
cause a field F in the double layer and outside of it a pure dipole field, the eurrent passing -
through the median plane can be easily calculated, the factor g provmw to'be ;n:j2. C

In order to evaluate the magmtude of the dlﬂ'ublon current iy, we must *
form an idea of the concentration gradlent of the space charge involved. -
We remark that to gencrate a field F in a plane condenser of surface d2- ..~
with a plate distance d, the surface charge necessary is equal to d2DFjda. -
Ifa charge of this magmtude is spread out over the volume d° the concen-,
tration gradient will be of the order of daDF/fi-ﬂz: - 1/d% - 1/d. Assuming ~
that this charge is entirely built up of counter-ions having a diffusion con-
stant kT[o_, the diffusion current Ly passmg through an area of the'

. eor e 1 T, T,

4z 1 . d . g_. o (6)

Substltutmg for A the Value ; -
L ool . n, e . €
el .‘,.3—"—. +++.
R e °+ : ,9,.—, PRSI
*) cf. Smoluchowskxs ongmal arucle in Krak Anz. 1903, m 18:2., -
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we find f(-)r.theratio‘z'w/i,‘-u L B : ‘. L e B o | U= ‘ DCE‘. 6 (e_——ep)‘r( ‘34 §3+ + e. 0— Df)g (14-) o

D DRI 1 Tt R (G e

_ ‘nr & . g 2 42 LT thc term 6/xd being a correction on the electrophoresis equation caleulated
U w (s A + n- %) o S e e by Henry %) and having nothing to do with relaxation. S
' o T . Now for the usual {. potentials e/kT has the order of magmtude one . .0

Dhrcaardin« the differences bct\s ecn h and g and ];etwecn 9_ and o4 o and ofe - D¢ j4ny, repreaentzng the ratio of velocities of a colloidal particle ~ .~
‘and using expression (2) we find iryfiig to be of the order of 1/x°d% In the. T ' and a common ion, is also ahout unity. Therefore the correction needed .° .0
case consldcrcd heré, where 1/ is much smaller than d, the diffusion current ~ for the time-of-relaxation effect in the casc of Jarge #d is of the order of . .~
i,y may he reg garded as negligible compared with the condyction carrent - . : 1/xd and approaches zero, when the doublc layer is tlnn enough

viprn T Y s . N
One may ‘remark here that the currents (i and rH) responsible for the buil-" e 3. Conclusmn AT i

ding up of the relaxation charges are proportional to gd, that is to dyn,

5 Summarzzmg our argument very })ueﬂy, it may be stated that the time- - .
and that the return current iy is proportional to 2d2%, that is to d2n. So-

of-relaxation effect is small for a thin double layer, because the building - R

gt

it can be seen here' alrecady that the relaxation effect il dlsappear with -~ - }1 up of the relaxation charge is proportional to reciprocal thickness of th o

increasing d and 7 as 1/d\'n or as 1/xd. T ' double layer, #, and to the lincar dimensions of the particle, whereas this °
In the stationary state of elcctrophor esis the return current "IH must be - R charge is dissipated by a conduction propertional to the concentration
cqml to the sum of the currents 3: and ln’ or . . - .. T - of the electrolyte, that is to »%, and to the square of the dimensions of the -
Ee_ I f‘_ om0 - o particle. Hence, under the premises uspd by Smoluchowski, the de-

(—“ + U) od f F i dzg : o 4_ ) ST - formation of the double layer, -while existing, is small enough to be negli-

Y R R TR " gible in calculating { from the electrophoretic velocity when using equation |

]"rom tlus equatmn we can zso]atc the ratio F/E, w]nch forms a measure D 1) If d = 100 the error is of the order of a few per cent, and if /d_- 1000

for the influence of the time-of-rclaxation effect on electrophoresm Sub-
stitating for o in a ﬂrqt approximation - o

_Dix

4.‘-5‘ e

the error wﬂl most prohably be less than one per cent. s

Fmrihoven, ‘Augu-st‘ 1944.

(10) S

and for U and 2 thc exprcssmns (1) and (7) re:pectwely 1°) we ﬁnd

5 [ c] DLx ;o
ET nye?  noe?) e. dmn) T e T
L E+ Ce- S D.k T C f E
o S ' : e. x [ E
: e '.0 BT 3‘ E (11)_'.
i 4‘75("-5-94-2:-': .—}—_n_e_.) . S R e e e T : REI‘FRE‘\TCES )
‘ : o . e+ o o e e R - . l) H von I-Ielmho]tz Ann. Physik 7, 337 (1879). e ’ ]
 If we put the ratios flg and g_/p,; equal to ong, which does not dltbl‘ the .. o 2) lltl ;mdn Sllelmkluchowské,g p{linIk Chem, 323;29(1(;23) cf also Gr'wtz, I{and- :
. 9 e uch der Elekteizitit und des Magnetismus . o
_ o;’dcr of maO‘nltude of the caiculated effect and use cquatmn ( ) we ﬁnally‘ ) 3) B Tickel, Phystk 2, 25, 204 (1054), L |
cobtam. . - . L %) D. C. Henry, Proc. Hoy. Soc. London 133, 106 (1931), : SRR
IR F 1 e Q— DC o : ':_' L, 5) Under the usual conditions of electrophoresis, cvcnp’1rt1clcscon51stmrr ofa conductmw
E /d LT + e 4,‘-”7 R (]‘2)." e . substances will probably behave as non- conducturs owing to polanzunon. T Y

é) L. Onsager, Physik Z, 28, 277 {1927). -
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J. J. Bikermann, Z. physik. Chem., A 171, 209 (1934) ;
S, Komagata, Researches of the Eleetrotechnical Laboratory Tokyo, "\'r 387 (1935)
J. J. Hermans, Phil. Mag. (7) 26, 650 (1938). ‘
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9) TFhe fundamental prmclplc of this paper has been mentioned very briefly in ‘.-~
the duthor's contribution for the Symposmm on Strong Electml} tes held at Uttecht ] L
{Holland) on July 4th, 1944, : R

10) Ttis not neeessary to use for U the more exact c\pressxon U= DC(E—F)/41:J, as F. s
provcs to be much smalier than E, . ) ol S e

and mqtead of equatmn (1) the electrophorctlc Veloclty is found to be gaven

by . .‘
| 2 n = fi'?; L i‘}'(ﬂ re ;Zi)i

Thls equatmn talhes vcry well with the e‘cprecsmn derwed carhf‘rs) in a_‘:"""
more exact (but much more complicated) w ay for the electrophorctm V"]O‘," g
01ty of a sphencal partmle of dlameter d mz. o , ’

(13).; : "
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