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ON SMOLUCHOWSKFS EQUATION FOR THE
ELECTROPHORESIS OF COLLOIDAL PARTICLES

by. J. TH. G. OVERBEEK. 541.18:537.363

Summary • : . ' • . • . ' " ' : .'" - -
Tbis article deals with the'theory of J:he time-of-relaxatiori effect in
the case of colloidal particles with a very thin doublé layer. lts in-
fluence on the electrophoretic velocity proves to be negligible, so .
that the electrophoresïs is adequately described by Smoluchowski's
equation • ..

'- . ',. • . '- ' - U '=
4 n i} -".'.,' .;' . ' -./. '- : .* - : • / . . •> , ' . - ,

no correction for tbe time-of-relaxatïon effect being necessaty. • ' . . • • ' '•'-. ••'-'-'

1. Introduction . : • . /v :- ; ' . - - . , : -": • . . \ : • ;. "" >^-:.,

Helmholtz 1) was the nrst to indicate bow the electrokinetic potentiaI-£ ;
could be calculated from the electrokinetic phenomena. His deductions J
were improved by Smoluchowski s), who introduced the dielectric .
constant, D, of the medium and came to the well-known equatioa (1) for
the electrophoretic velocity, U.;, ; : . / ; , . _ ., . • • ..'"- - ;

Ü = n ij (1)

(t] = viscosity of the medium, E = strength of the applied field). *''-.-'.',
Hückel3) called iu question the factor 4 in the denominator of equation \

(1) and maintained, that this factor depends on the form of the particles. '-
The factor should be 6 for sphericalparticles, according to Hücfcel. •'.'•.

The question remained unsolved until Heury4) showed that l>oth
factors were correct in themselves and that the difFerence was due to the ;
different premises used. In particular Henry was able to dêmonstrate
that Smoluchowski's equation (1) holds good for insulating particles 5) :
having a doublé layer which is thin compared with the dimensïons of the
partiële, irrespective of the form of the particle. ;

In all these deductions, however, tbe supposition is made that the elecj

trical doublé layer is not defornxed during the movement of the partiële.
Now this supposition is quite ünfounded and almost certainly wrong. The
process of electrophoresïs cannot be conceived without a eertain defpr-
mation of the doublé layer. In the case of the strong electrolytes the in- ;
fluenee of this deformaticm on the ionic mobility (the so-called time-of-
relaxation effect) has been calculated by Onsager6), and an extrapöla--{
tion of Onsager's equations to particles with a very thin doublé layer .;,
would even lead to a very large infiuence of the time-of-relaxation effect
on electrophoresis. The direct caïc.ulation of this effect for colloidal parti-
cles has been undertaken by various authors 7)8), but this proves tó be -
very complicated; it has certainly led to some results 8) but, owing tö the
intricate mathematica! aspects of the problem, these are ncitlier simple
nor very accurate. ', - ~ . - • - • , .; : : . :
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In the followïng it will be sKown l»y a simple argument9) that the time-of-
relaxation effect is small aud that it may be disregarded precisely under
the premises used by Smolucliowski, viz. that the thickness of the
doublé layer is small comparcd vith the dimensïons of the partiële. ;

2. The time-of-relaxation effect ' .

During the movement of a colloïdal partiële in an electric field, thé ions
of the doublé layer tend to lag beliind. This brings about space charges
iu front of and behind the partiële., giving rise to au electric field which is
opposed to the primary field and rctards the electrophoretic movement,

The magnitude of these space charges is governed by two influences. Ou
the one hand these charges are built up by the movement of the counter*
ions under the influence of the applïed field and by the ffow of the liquid.
On the other hand-the space charge is contmuously being dispersed as a
result of the conductivity of the liguid and of the diffusion process. In the
stationary state of electrophoresis these building-up and breaking-dowri
processes must counterbalance each other. , ,

ït would.be somewhat more exact to stale that not only is a continuous accumulation-
of chargc impossible But also an accumulation of neutral electtolyte. In the process sketched
above the iucrcase of tlfe space charge is the result of a displacement of ions charged oppo-
sttely to the particle. The decrease of the space charge, however, is eaused by the displace-
ment of ions of both signs, the result hcïng an accumulation of neutral salt behind the
particlt and a cor r esp onding deficit on the other side. This displacement of neutral salt
will bc counteracted by diffusion (not by conduction), but as there are no space charges
inyolved it is not of much interest for calculatiohs of thé time-of-relaxation effect. . •

We shall now pröceed tó gi ve a more quantitative treatment of the argument
óutliued above. We wiïl consider an insulating particle -of arbitrary;form
with a positive surface charge of density a, immersed in a solution of a
simple ̂ electrolyte containing n+ positive ions of charge e+ and ra_ negative
ions of charge e- per cm3. According to the theory of thé diffuse doublé
layer, the negative charge balancing the surface charge may for rhany
purposes bc thought of as being situated at a distance l{ts from the sur-
face,' v? being equal to -

: ' " . . . • - - . - • DJcT •'*•< •
Even when tïie surface potentialislarge, so that it is not allo wed tójiitro-

duce the usual approximation for small potentials (exp [ne^PjkT] = !-{-.
neWjkT) leading to the yalue DxJ&Tt for the capacity of the doublé
layer, the capacity of the doublé layer remains proportional to K, that is
to the square root of the concentration of electrolyte. The proportionality
factor, however, is no longer equal to jp/4n. (Cf. Verwey and Overbeek
"Theory of the stability of lyophobic colloids" in the press.) - : •

We suppose \\y. to be much smaller than the dimensions of the particle.
As a consequence of the applied electric field there is a current of negative
charge along tbe surface of the particle. This current is equal to. .-• •:'_.-. '•'- ,

(l/o_ gives the mobility, the velocity of the negative ions under unit'force;
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dis oae of the main dimensions of the partiële, and/is a form factor of the
order of unity)., .

If the particle is a cylinder, moving with its axis in the direction of the field, and d its •
diameter, ƒ is equal to n.'

Apart from this movement of ions with respect to the liquid immediately
surrounding them there is a movement of this liquid as a "whole, which
gives rise to a current ilt, equalling ' C •"" _

^ia=*V'<rdf. - . " • ' . .-.(4)
Here the doublé layer is best thought of as a Helmholtz layer moving

with a velocity U with respect to the particle. The form factor is the same
as in equatïon (S), as in every point of the surface the local velocity of the
liquid is proportional and parallel to the local field *). Here use is made
implicitly of the premise that the particle is non conducting, so that E
has no component perpendicular to the surface. * ' .

To find a value for the return current im we assume that the space charges
of relaxation generale a counterfield ha ving the strength Fin the immediate
neighbourhood of the doublé layer and dying out at greater distances from
the particle according to the la\vs of electrostaties. Bearing in mind that the
counter-cujrent eaused by this fiel<i runs almost entirely through the liquid
outsidé the doublé layer and that the excess conduction in the doublé layer
is the less important the larger the propörtion betweeu d -and :1/K9 the
return current may be put equal tp ( .. : . , > ; . • . . • , , ; '-.^

_ : . - • ; • • im=Fld*g, .:; V \' (5)

where A is the conductivity. of the solution and g'another form factor of
the order of unity, the factor d2 arising from the fact that with increasing
dimensions of the partiële the area through which this current passes'
increases as the square of the dimensions. „ „ , . j • '

In the case of a spherical particle of diameter of-and a charge distributión .such as to
cause a field F in the doublé layer and outsidé of it a pure dipole field, the current passing
through the medïan plane can be easily calculated, the factor g proying to be ïï/2.

In order to evaluate the magnitude of the diffusion current iw, we must
form an idea of the concentration gradiënt of the space charge involyed.
We remark that to gencrate a field F in a plane condenser of surface dz

with a plate distance d, the surfaee charge necessary is equalto d2DFj4in.
If a charge of this magnitude is spread out over the volume rf3 the concen-,
tration gradiënt will be of the order of dïDFj&ït ',1/rf3 • 1/rf. Assuming
that this charge is entirely built up of counter-ions having a diffusion con- .
stant kTJQ-f the diffusion current ijy passing through an area of the
order of dz is found to be : : • " . . . . - " ",".: . -

d3

; . ' . • ' -/. - . " 4>n l
where k is again a form factor.

Substituting for A the valuè

»•_ - d2

a o_

2 •
.-b

FDkT
'*.:

n_ e-.*

.&-';-;;" • ' • •- •:''. .".. • ; ' . ; ~ . , - . ' _ . . e.f . " . ' .e-:-",;:.'/-;.

*) cf. Smoluchowski's original article in Krak. Anz. 1903, p.

(6)

P)'

182.
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we fmd for the ratio ii

m

DkT

4,-t Q- K2 d2 (8)

Di?rc»arding tlic differcnces bctwecn h and g and between Q„ and Q+
and u?ing expre?sion (2) we find i-iyjinj-lo be of the order of l/^2rf2. In the
case considercd heré, where \\y, is much smaller than rf, the diffusion current
iiY may be rcgarded as negligible comparcd with the conduction current
hu- ' ' . - • . . . • - > • - ' - " _ '

One may remark here that the currents (ij and ij/) responsible for the buil-
ding up of the relaxation charges are proportional to ad, that is to dfó,
and that the return current ini is proportional to M*, that is to dzn, So
it can be seen liere' alrcady that the relaxation effect will disappear with
increasing d and n as l/rfl'ïï or as 1/xd. ' .

In the stationary state of electrophoresis the return current ij tl must be
equal to the sum of the currents if and in, or . • .

+
-

F A' d* g. .
- . .
(9)

From this- equation we can isolate the ratio F/JE, which forms a measure
for the iufluence of the time-of-rclaxatïon effect on electrophoresis. Sub-
stituting for er in a first approximation. '. • -J

,' \ • ' . - . . - ' - • a = ? i^ ;' . (10)
- . - ' . • • - - - • ' ' 4rr. * • ". , - --• •

and for U and }. the expressions (1) and (7) respectively 10), we find ... ,.

t ] - _ l t ft * T . ' ' • " . - ' ^- '' - ' ' - - .'

i r t "Ö J ^ ' • " ' ' ' • ' ' ' • ' . / ' ' • •' : • • ' • '''•••'• " " - • ' :

DkT "&-' « ƒ
. , X - ' ' • -

If we put the ratios fjg and Q-'Q-r equal to one, which does not alter the
order of magnitude of the calculatcd effect and use equation (2},wennally
obtain : . . ,'

E a-
and instcad of equation (1) the electrophoretic velocity is found to be given :

This eqnation tallies vcry wel! with the expression derived earlier8) in a
more exact (but xnuch more complicated) way for the electrophoretic velo-
city of a spherical partiële of diameter dt' viz. . ' . ; . ; : -. , -

SMOLUCHO\VSKI*S ELKCTROPHORÜSTS EQUATÏON

t;-«-'
— e.h)
fcT"

tbc terin 6/?«Z being a correction on the electrophoresis equation caleulated
by Henry 4) and having nothing to do with relaxation..

Now for the usual .t- potentïals £cjkT has the order of magnitude one
and o/e • DCjQ-nq., representing the ratio of velocitics of a colioidal partiële.
and a common ion, is also about unity. Therefore the correction necded
for the time- of-r elaxation effect m the case of large xd is of the order of

and approaches zero, when the doublé layer is thtn enough. .' . .

3. Conclusion. . . '• •/: . - : • '. . ' . '..
Summarizing our argument vcry briefly, it may be stated tjiat the time-

of-relaxation effect is small for a thin doublé layer, bècause the building
up of the relaxation charge is proportional to reciprocal thickness of the.
doublé layer, tt, and to the linear dimensions of the partiële» whereas this
charge is dissipated by a conduction proportional to the concentration
of the electrolytej that ïs to jt2, and to the square of the dimensïons of the
partiële. Hence, under the premises used by Smoluchowski, the de-"
formation of the doublé layer,-while cxisting, is small enough to be negli-
gible in calculating £ from the electrophoretic velocity when using equation
(1). If xd=- 100 the error is of the order of a few per cent, and if xd= 1000
the error will most probably be less than one per cent;;: ; :

',',-• . :/ : • . . . . : : - . Eindhoven, August 1944.
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